Static experiments related to rapid crack bifurcation are conducted with PMMA plate specimens with Y-shaped notches. The bifurcation angle of the Y-shaped notch is changed from zero to 45 degrees. Tensile force is applied to the specimen, and a crack arises at one of the two branch notch tips. The crack propagation angle is measured, which is the angle between the crack and the branch notch. The measurement results say that the crack propagates in the same direction as the branch notch when the bifurcation angle is about 14 degrees. This angle is approximately the same as the bifurcation angle of fast propagating cracks. The crack propagation angle is also measured when the bifurcation angle approaches to zero. The crack propagation angle increases with decreasing the bifurcation angle and approaches 14 degrees as the bifurcation angle tends to zero. The experiments with two parallel notches are also carried out, and the crack propagation angle is measured. The crack propagation angle increases with decreasing the distance between the two parallel notches, and has the maximum value of about 22 degrees. When the distance between the two parallel notches decreases further, the crack propagation angle decreases. But the crack propagation angle does not approach zero but remain finite at 14 degrees as the distance of the two parallel notches tends to zero. These results explain why a crack bifurcates with the bifurcation angle of 14 degrees.
Introduction
more than one hundred m/s. When the crack speed is fast enough, the crack tip bifurcates into two cracks. Studies on rapid crack bifurcation have been performed by many researchers theoretically (Yoffe, 1951) , (Freund, 1990) , experimentally (Aoki and Sakata, 1980) , (Arakawa and Takahashi, 1991) , (Ramulu and Kobayashi, 1985) , (Ravi-Chandar and Knauss, 1984) , (Suzuki and Sakaue, 2004) , (Suzuki et al., 2007) and numerically (Seeling and Gross, 1999) . However, the mechanism of the rapid crack bifurcation is not yet fully explained.
Experimental studies on crack bifurcation are generally classified into two groups. The first is dynamic experiments, where fast propagating cracks and stationary cracks under dynamic loading are studied. The dynamic experiment is essential and indispensable to study dynamic fracture, however, the dynamic experiment is very difficult and expensive because it requires measurement equipment with high spatial and temporal resolution such as high performance high-speed cameras.
The other approach is static experiments that use stationary cracks or notches under static or quasi-static loading. In the static experiments, one can make specimens with notches of various shapes that don't exist in real dynamic fracture, and can measure the stress field accurately with various measurement methods. These are the advantage of static experiments, and give the knowledge that can't be obtained only through the dynamic experiment. The present study is one of the static experiments.
A static experiment related to rapid crack bifurcation was carried out by Kalthoff (1972) using the specimen with Suzuki, Iwasaki, Shimizu and bin Yusof, Mechanical Engineering Journal, Vol.3, No.6 (2016) [DOI: 10.1299/mej.16-00541]
V-shaped notches. His paper regarded the V-shaped notch as the two branch cracks of a bifurcated crack. He reported that when the bifurcation angle of the V-shaped notch is about 15 degrees, the crack that arises at the notch tip propagates in the same direction as the notch. Using photoelasticity he also found that the stress field at the tip of the V-notch is mode I when bifurcation angle is about 15 degrees. The angle of 15 degrees is very close to the real bifurcation angle of 14 degrees of fast propagating cracks. Kalthoff's paper can be understood well based on the experimental result given by Erdogan and Sih (1963) that the near tip stress field of a crack propagating in a brittle material is always mode I stress field. Kalthoff's experiment was very stimulative, however, it left two following questions. Question 1: Real bifurcated cracks have not V-shape, but Y-shape. Does the experiment with Y-shaped notches give the same results as those of the V-notch? Question 2: Exactly speaking, Kalthoff's experiment says only that if there is a bifurcated crack and it is propagating, the bifurcation angle must be 14 degrees. But real bifurcation occurs on a single crack. Consequently, Kalthoff's experiment is not enough to answer the question why a single crack bifurcates or why a single crack bifurcates at the angle of 14 degrees. Some knowledge is necessary to explain the crack bifurcation from a point of view of a single crack. In other words, the knowledge that can relate the bifurcation to a single crack must be obtained. The present paper is to answer the two above questions.
Theory on experiment
The present study uses notches instead of cracks, because a notch can be regarded as a crack when the width of the notch is small enough.
Crack propagation direction at the tip of Y-shaped notch
This is to answer the first question. Figure 1(a) shows the crack that arises at the tip of a bifurcated notch of Y-shape. Uniform stress field  0 is applied at infinity and generates a crack at a tip of the bifurcated notch. The crack propagation angle  B is measured with varying bifurcation angle. One can find the bifurcation angle  0 at which the crack propagates in the same direction as the branch notch, =0.
The stress field in the vicinity of the notch tip is also measured with varying bifurcation angle . The sign of stress intensity factor K II of shearing mode is measured to make clear whether the near tip field is pure mode I at the bifurcation angle  0 .
(a) (b) Fig. 1 (a) A crack arises at a tip of Y-shaped notch. Crack propagation angle  is positive in anticlockwise direction.
(b) Crack arising at the tip of two parallel notches
Crack propagation direction at the limit of  tending to zero
In order to answer Question 2, the present study measures the crack propagation angle  B at the limit that the bifurcation angle  tends to zero. At the limit of →0, the bifurcated notch approaches a single notch. If the crack Suzuki, Iwasaki, Shimizu and bin Yusof, Mechanical Engineering Journal, Vol.3, No.6 (2016) [DOI: 10.1299/mej. direction  B at →0 is equal to the bifurcation angle  0 in section 2.1, one can thus say that the bifurcation angle of a single crack is equal to  0 .
Crack propagation direction at the tip of two parallel notches
The two branch notches in Fig.1 (a) become parallel at the limit that the bifurcation angle approaches zero. It is thus expected that the crack propagation angle  B of the Y-shaped notch at the limit of →0 is equal to the propagation direction  P of the crack  that arises at the tip of two parallel notches at the limit that distance d of the two parallel notches approaches zero ( Fig. 1(b) ). The present study performs the experiment with two parallel notches to verify the result of Y-shaped notches.
Experimental method

Specimen
Figure 2(a) illustrates the specimen with a Y-shaped notch used in the present study. The size of the specimen is 250mm in length, 250mm in width and 3mm in thickness, and the material is transparent Polymethyl Metha-Acrylate (PMMA). The specimen has a Y-shaped notch whose length is 125mm. The width of the notch is 0.3mm, and the length l b of the two branches is 4.5mm or 24mm. The bifurcation angle is changed from 5 to 45 degrees, including Figure 2 (b) is the specimen with two parallel notches whose length is 125mm. The distance between the two notches is changed from 1mm to10mm.
Using the two kind of specimens, the present study measures the crack propagation direction and the stress field in the vicinity of the notch tip. 
Caustic method
Caustic method is applied to measure the stress field in the vicinity of a notch tip. Figure 3 illustrates the principle of caustic method (Kalthoff, 1987) . A parallel light beam falls onto the specimen surface perpendicularly. The light beam passes through the specimen and impinges on the screen behind the specimen. When the tensile force is applied to the specimen, the thickness and refractive index of the specimen decreases near the notch tip, because strong stress concentration occurs around the notch tip. The decrease of thickness and refractive index deflect the light ray outward. As a result, there appears the shadow spot on the screen, where no light ray arrives. Immediately outside the shadow spot, there appears the caustic that is a bright curved line generated by the concentration of light rays. Suzuki, Iwasaki, Shimizu and bin Yusof, Mechanical Engineering Journal, Vol.3, No.6 (2016) [DOI: 10.1299/mej.16-00541] Figure 4 shows the relation between the crack tip stress field and the caustic curve. Figure 4 (a) is the crack subjected to the mixed mode stress field of mode I and II, where the stress intensity factors of K I and K II are positive. In this case, the caustic curve is asymmetric with respect to the crack line, and the lower half of the caustic is larger than the upper one. When K II is zero as shown in Fig. 4(b) , the caustic is symmetric with respect to the crack line. When K II is negative, Fig. 4 (c), the caustic becomes asymmetric again but the upper half of the caustic is larger than the lower one, opposite to (a). It is thus possible to know from the caustic image whether the sign of stress intensity factor K II is positive, negative or zero. Figure 5 shows photographs of the specimen after fracture. The length of branch notches is 24mm. Figure 5 (d) show the crack when the bifurcation angle is 15 degrees. The crack that arose at a branch Suzuki, Iwasaki, Shimizu and bin Yusof, Mechanical Engineering Journal, Vol.3, No.6 (2016) [DOI: 10.1299/mej.16-00541] notch tip propagated in the direction approximately the same as the branch notch. Thus the crack propagation angle is zero.
Experimental results
Crack propagation direction and stress field at the tip of Y-shaped notch
The crack path curves with the crack propagation as shown in Fig. 5(a) , (c) and (e). Crack propagation angle  B was measured on the magnified photograph like (b), (d) and (f) in order to avoid the measurement error caused by the curvature of the crack path. The present study measured the angle between the crack direction at the notch tip and the extension line of the branch notch, and regarded it as the crack propagation angle  B . The measurement error is about ±1 degree. Fig. 5 Cracks that arise at a tip of bifurcated notches. The length of the branch notch is 24mm, and the bifurcation angles are 5° in (a) and (b), 15° in (c) and (d), and 45° in (e) and (f). When the bifurcation angle is 15°, the crack propagates in the direction approximately the same as the branch notch.
(a) (b) (c) When the bifurcation angle is 15°, the caustic is symmetric with respect to the notch, which indicates the stress field at the notch tip is pure mode I.
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Figure 5(e) and (f) show the crack when the bifurcation angle is 45 degrees. The crack propagated inward relative to the notch direction and the crack propagation angle is -36 degrees. Suzuki, Iwasaki, Shimizu and bin Yusof, Mechanical Engineering Journal, Vol.3, No.6 (2016) [DOI: 10.1299/mej.16-00541] Figure 6 shows caustic images generated at the notch tips. Figure 6 (a) is the caustic image when the bifurcation angle is 5 degrees. The caustic image is asymmetric with respect to the notch line, and the upper half of the caustic curve is slightly larger than the lower one. This means that there exists not only mode I stress field but also mode II stress field, namely, the mixed mode stress field. The caustic curve in (a) indicates that the stress intensity factor K II of mode II is negative as shown in Fig. 4 . Figure 6 (b) shows the image of caustic when the bifurcation angle is 15 degrees that is close to 14 degrees of the bifurcation angle of fast propagating cracks. The caustic curve is symmetric with respect to the notch line, and clearly shows that the stress field near the notch tip is pure mode I. Figure 6 (c) is the caustic image with bifurcation angle of 30 degrees. The caustic curve is asymmetric again, but in this case the lower half of the caustic curve is larger than the upper one. The stress intensity factor K II of mode II is positive.
From the caustic images, it can be said that the stress intensity factor K II changes from negative to positive with the increase of bifurcation angle , and the pure mode I stress field appears at the notch tip when the bifurcation angle is approximately 15 degrees. This result is the same as that given by Kalthoff (1972) with V-shaped notches. Fig. 7 Crack propagation angle vs. bifurcation angle. When the bifurcation angle is 14 degrees, the crack propagation angle becomes zero and the crack propagates in the same direction as the branch notch. Figure 7 represents the measurement result of crack propagation angle θ B as a function of bifurcation angle φ of the Y-shaped notch. The graph says the crack propagation angle linearly decreases with the increase of the bifurcation angle. When the bifurcation angle is about 14 degrees the crack propagation angle becomes zero,
This means that the crack initiated at a notch tip tends to propagate in the same direction as the branch notch when the bifurcation angle is 14 degrees. Consequently one can say that the result of the present study using Y-shaped notches is the same as that given by Kalthoff (1972) with V-shaped notches.
In Fig. 7 , the red circles denote the crack propagation angle when the length l b of branch notches is 4.5mm, and the blue circles, l b =24mm. The difference in the branch length l b does not affect the result that the crack propagation angle is zero at the bifurcation angle =14º. It can thus be said that the effect of branch length l b on the crack propagation angle is negligible in the present study. Figure 5 to 7 clearly say that the Y-shaped notch gives the same results as those of the V-shaped notch given by Kalthoff. This is the answer to Question 1. Figure 8 shows an example of caustic images and cracks generated at a tip of bifurcated notches as the bifurcation Suzuki, Iwasaki, Shimizu and bin Yusof, Mechanical Engineering Journal, Vol.3, No.6 (2016) [DOI: 10.1299/mej. angle approaches zero. The length of branch notches is 24mm, and the bifurcation angle is 2 degrees. The caustic image in Fig.8(a) is clearly asymmetric, which indicates that the crack tip stress field is the mixed mode of mode I and II. The red dots denote the crack propagation angle in this experiment, and the blue ones are the data shown in Fig.   7 . The graph clearly says that crack propagation angle   does not become zero but approaches about 14 degrees as bifurcation angle  tends to zero.
Crack Propagation direction at the limit of  tending to zero
The crack propagation angle of 14 degrees is the same as the bifurcation angle   of Y-shaped notches at which crack propagation angle θ becomes zero in Fig. 7 . Suzuki, Iwasaki, Shimizu and bin Yusof, Mechanical Engineering Journal, Vol.3, No.6 (2016) Figure 11 shows the measurement result of crack propagation angle  P of the crack generated at the tip of two parallel notches. When the distance d between the two parallel notches is 8mm, the crack propagation angle is largest and is about 22 degrees. In the region of d<8mm, crack propagation angle  P decreases gradually with the decrease of distance d. Applying a quadratic or a cubic polynomial approximation to the data in Fig. 11 , one can find that the crack propagation angle  P approaches about 14 degrees as d tends to zero.
Equation (3) is the same as Eq. (2) of Y-shaped notches. Accordingly one can say that the experiments with two 8 Figure 10 shows an example of the caustics and the cracks generated at the tip of two parallel notches. The distance between the two parallel notches is 2mm that is much smaller than the notch length of 125mm. In Fig. 10(a) , the caustic is asymmetric, which indicates that the stress field at the notch tip is the mixed mode stress field. This is the same as the result of the Y-shaped notch in Fig. 8 . Figure 10(b) is the photograph of the crack initiated at a notch tip of two parallel notches. The crack propagated outward with respect to the notch line, and the crack propagation angle  P is 18 degrees. Suzuki, Iwasaki, Shimizu and bin Yusof, Mechanical Engineering Journal, Vol.3, No.6 (2016) [DOI: 10.1299/mej. parallel notches verified the result of Y-notches that the crack propagation angle of the Y-shaped notch approaches 14 degrees as the bifurcation angle tends to zero.
Crack Propagation direction at the tip of parallel notches
Discussions
Crack propagation angle at the limit of  tending to zero
Figure 12(a) illustrates the experimental result of the bifurcated notch shown in Fig. 9 . If bifurcation angle  tends to zero, the bifurcated crack approaches to a single crack. However at the limit of →0, the crack propagation angle does not tends to zero, but remains finite at 14 degrees.
Similarly Fig. 12(b) illustrates the result of two parallel cracks shown in Fig. 11 . When the distance d between the two parallel cracks approaches zero, the two cracks tends to a single crack. However at the limit of d→0, the crack propagation angle does not tends to zero, but remains finite at 14 degrees, again.
The fact illustrated in Fig. 12 relates the crack bifurcation to a single crack, and is thought to be an answer to Question 2. In the case of a single crack, the crack propagates along the extension line of the crack itself as shown in Fig. 13 (a) when the energy release rate is small. But, when the energy release rate is large enough, the crack suddenly bifurcates with the bifurcation angle of about 14 degrees (Fig. 13(b) ), because the crack tip stress field of a branch crack becomes mode I at the bifurcation angle of 14 degrees and the crack in brittle materials always propagates as a mode I crack as pointed out by Erdogan and Sih. It can accordingly be said that the experimental result shown in Fig. 5 and Fig. 12 is an answer from experimental studies to the question why the bifurcation angle is 14 degrees. And this is thought to be an answer to Question 2 described in Introduction. Fig. 13 (a) A single crack propagates in the direction of itself when the energy release rate is low.
(b) The single crack bifurcates and propagates with the bifurcation angle of 14º when energy release rate is high enough. 
Crack propagation direction
Two parallel cracks
Bifurcated crack 14°C rack propagation direction Suzuki, Iwasaki, Shimizu and bin Yusof, Mechanical Engineering Journal, Vol.3, No.6 (2016) [DOI: 10.1299/mej.16-00541]
Comparison with theoretical and numerical result
Seeling and Gross (1999) performed numerical simulation on the propagation of two parallel cracks. They applied the   maximum criterion that a crack propagates in the direction in which the circumferential stress   becomes maximum. They used the following equation given by Erdogan and Sih (1963) ,
to calculate crack propagation angle . Their numerical results indicated that the propagation angle of a crack which arises at the tip of two parallel cracks is about 14 degrees. Their numerical result is in agreement with the experimental result of the present study. Ishida and Noguchi (1992) theoretically studied Y-shape cracks under uniform tensile stress field and showed that when the bifurcation angle of the Y-shaped crack approaches zero, stress intensity factor K II at the branch crack tip does not become zero, but remains finite. This is in agreement with the experimental result of the present study. Ishida and Noguchi (1992) also studied the effect of the length l b of branch cracks on the crack propagation angle  B . They pointed out that the crack propagation angle  B increases with the decrease of the branch crack length l b and that the crack propagation angle approaches 27.3 degrees as the branch crack length tends to zero. This value is different from the result of the present study and that of Seeling and Gross (1999) . The difference might be caused by the difference between cracks and notches. The present study used notches instead of cracks. The notch tip has finite radius of curvature while the radius of curvature of a theoretical crack is infinitesimal. Thus the crack propagation angle measured in the present study was not exactly the angle at the tip of a bifurcated crack, but at the position distant from the crack tip by the order of the radius of curvature of the notch tip (Okamura, 1976) . This might bring the difference between Ishida and Noguch's result and that of the present study.
Effect of the length of branch cracks
However it must also be pointed out that the angle of 27.3 degrees is different from the bifurcation angle of 14 degrees observed in fast propagating cracks More precise studies in the very vicinity of a crack tip might be necessary on this problem. Yoffe (1951) first analyzed the stress field in the vicinity of a fast propagating crack tip, and tried to give a theoretical explanation on crack bifurcation. She demonstrated that the   stress becomes "flat" when the crack speed approaches 60% of the shear wave speed, where "flat" means that the   stress is approximately constant even if the angle  changes between =0 and 30 degrees. This means that the   maximum criterion cannot determine the crack bifurcation angle  0 , because there is no special angle that has the maximum   stress. Another theory is necessary to explain the bifurcation angle of 14 degrees.
Theoretical analysis on rapid crack bifurcation
She also demonstrated that when the crack speed exceeds the 60% of the shear wave speed the   stress becomes the maximum in the direction of 60 degrees from the propagation direction. The same description is also given by Freund (1990) . This theoretical prediction is far from the experimental results given by many researchers (Arakawa and Takahashi, 1991) , (Ramulu and Kobayashi, 1985) , (Ravi-Chandar and Knauss, 1984) , (Suzuki and Sakaue, 2004) , (Suzuki et al., 2007) . Sakaue (2003, 2004) and Suzuki et al. (1988 Suzuki et al. ( , 2007 took microscopic photographs of rapidly bifurcating cracks using pulsed holographic microscopy and high-speed holographic microscopy. They showed the photographs that demonstrate that the crack bifurcation is not two dimensional phenomena but three dimensional ones. The photograph also indicated the existence of micro cracks that propagates not only in the plane of specimen but also in the direction of specimen thickness. Such three-dimensional structure of bifurcation can't be ignored within the region as far as about the specimen thickness from the bifurcation point.
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Three dimensionality of crack bifurcation
The present study used the Y-shaped notches in plate specimens, which are two-dimensional approach to crack bifurcation. Not only the present study but also most of the studies on rapid crack bifurcation are based on two-dimensional theory (Freund, 1990) , (Ishida and Noguchi, 1992) , (Seeling and Gross, 1999) , (Yoffe, 1951) . The prediction based on two-dimensional theories may be different from the real rapid bifurcation in the vicinity of bifurcation point. The discrepancy described in section 5.3 might be due to this fact.
Measurement of K II /K I by caustic method
The present study used the caustic method to measure the sign of stress intensity factor K II of branch notches. Caustic method can also measure the value of K I and K II simultaneously from the caustic images, however, the present study did not measure the value of K I and K II . That is due to the lack of measurement accuracy.
Caustic method can measure K I and K II in the singular stress field that satisfy plane stress condition (Kalthoff, 1987) . The present study used caustic method in the three-dimensional stress field that exists in the very vicinity the notch tips, consequently, the measurement accuracy could not be guaranteed (Rosakis and Ravi-Chandar, 1986) , (Suzuki and Fukuchi, 1991) . The measurement of K I and K II values within the three-dimensional stress field is thought to be possible, but it is beyond the scope of the present study.
Effect of asymmetry of crack arising
In static experiments with Y-shaped notches, a crack always appears at the tip of one of the two branch notches, not simultaneously at the two tips of the branch notches, as shown in Fig.5 . This is due to the fact that the energy release rate is not enough to propagate two cracks simultaneously in a static experiments. Thus it is impossible to create two cracks at the two tips of a bifurcated notch at the same time. In that sense, the crack appearance and propagation is asymmetric in static experiments.
Here may appear a question that the asymmetry of crack appearance and propagation might affect the crack propagation angle. However, the present study measured the crack propagation angle as the crack direction at the notch tip immediately after the crack appearance, consequently, the crack propagation angle was not affected by the asymmetry of crack arising.
Conclusions
(1) When a Y-shaped notch is under uniform tensile stress field and when the bifurcation angle of the Y-shaped notch is 14 degrees, the mode I stress field appears around the tip of the branch notch, and the crack initiated at the notch tip propagates in the same direction as the notch. This is the same result that Kalthoff obtained with the specimen of V-shaped notches. (2) When the bifurcation angle of a Y-shaped notch tends to zero, the crack propagation angle that is the angle between the crack and the branch notch does not become zero, but approaches 14 degrees. (3) When the distance between two parallel notches becomes zero, the crack propagation angle also approaches 14 degrees. This verifies the above conclusion on the Y-shaped notch. (4) The three above conclusions can explain why the single crack bifurcates at the angle of 14 degrees.
